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1 Introduction 
In the area of fractional calculus and its applications in many branches of science and engi- 
neering, several fractional derivatives were mainly utilized. The most common used were 
Caputo and Riemann-Liouville derivatives, which were successfully utilized in modeling 
complex dynamics appearing in physics, biology, engineering and many other fields [1-5]. 
As is well known, systems possessing a memory effect often appear in real world phenom- 
ena. However, for each type of data we always ask what is the optimal corresponding non- 
local model to be applied. Moreover, many authors studied new fractional operators with 
local, nonlocal, singular and non-singular kernels (see [6-13] and the references therein). 
The standard fractional calculus may not provide us the required kernel in order to ex- 
tract important information from these types of systems. At this stage, we ask the follow- 
ing question. Can we generalize the standard fractional Riemann-Liouville integrals in a 
way such that we obtain unification to Riemann-Liouville, Hadamard and other fractional 
derivatives [14, 15]. The core of this procedure is to decide which differentiation operator 
should be used as a starting point for the iteration procedure. For the standard fractional 
calculus, we iterate the usual integral of a function and using the Cauchy formula we ob- 
tain the integral of higher integer orders and then replace this integer by any complex 
number. In [16], it was suggested that the conformable integral should be fractionalized 
properly. We recall that an integral type like the one from [16] has appeared already in [17]. 
The integral mentioned below in (2) appears in mathematical economics, namely they are 
used for describing discounting economical dynamics [17]. Also,this integral appears in 
describing the non-linear dissipative systems [17]. 

At this point we should say that the left and right conformable derivatives defined in 
[16], respectively, as 


al f(x) =(x-a)*f'(x) and Tf) = (b- x)" f), (1) 
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where f is a differentiable function, are local derivatives whose corresponding left and 
right integrals have the forms [16] 


(aA = f foim osasi o 


and 


i d 
ENO- | Og a O<ach rm 


respectively. We suggest that iterating the above integral will end up with new fractional 
operators with two parameters and kernels different from the usual kernels of usual frac- 
tional derivatives and integrals. From the data analysis point of view we suppose that this 
new type of calculus will provide better understanding of the complexity of the dynamics 
of the phenomena from porous media. 

Depending on [2, 4, 5], in what follows, we recall some basic definitions and tools about 
classical fractional calculus. 

For a € C, Re(«) > 0 the left Riemann-Liouville fractional integral of order a starting 
from a has the following form: 


a 1 í a-1 
(NO = ay | -DOA (a 
while the right Riemann-Liouville fractional integral of order œ > 0 ending at b > a is de- 
fined by 
1 f i 
Ef) (t) = zz) — t)* f(y) dy. (5) 
AO = Fey J, 07 Foe 


For a € C, Re(«) > 0, the left Riemann-Liouville fractional derivative of order @ starting 
at a is given below 


d n 
(2D*f)(t) = (5) (If), n=[a]+1. (6) 
Meanwhile, the right Riemann-Liouville fractional derivative of order a ending at b be- 
comes 
OL d ý n-a 
(Dif) (0 = -7 EANO. (7) 
The left Caputo fractional derivative of order a, Re(«œ) > 0 starting from a has the follow- 
ing form: 
(SDPO = (fO), n= [a] +1, (8) 


while the right Caputo fractional derivative ending at b becomes 


(CDE) = (DFO) (0. (9) 
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Hadamard-type fractional integrals and derivatives were introduced in [18] as: 
The left Hadamard fractional integral of order «œ € C, Re(«) > 0 starting from a has the 
following form: 


a 1 E d 
(3°) = Í (Int —iny) so? (10) 


and the right Hadamard fractional integral of order w ending at b > a is defined by 


(SEA) ag f (Iny -In £)“ fo) (11) 


The left Hadamard fractional derivative of order «œ € C, Re(«) > 0 starting at a is given 


as: 
d n-a 
(DF) = G (PF, n=la]+1, (12) 
whereas the right Hadamard fractional derivative of order œ ending at b becomes 
a d : n-a 
(Def) = (5) (HPO. (13) 


In [19-21], the authors defined the left and right Caputo-Hadamard fractional deriva- 


tives of order a € C, Re(«) > 0, respectively, as 


n-1 d 
Capo =ar lro ya P iny nar lo bate, (14) 
k=0 


and in the space AC¥ [a, b] = {g : [a,b] > C:6""1[g(x)] € AC[a, b]} equivalently by 


(EDANA = (3 ~n- "(e 5) ro: n= [|a] +1, (15) 
and 
n-l 1) 5k f(b) 
(DEA) (0) = DF Lo yo i nb no (t); (16) 
k=0 


and in the space AC¥[a, b] equivalently by 


(CDI) (t) = (ar “(- 2) so. (17) 


For a < b,c € R and 1 < p< œ, define the function space 


b d 1/p 
Xab- [filat >R: e= f eror?) <o}. 
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For p = œ, If Il xe = ess sup, <;<,l£“|f(¢)|]. In the frame of the above function space, the 


generalized left- and right-fractional integrals in the sense of Katugampola in [14] have 


the forms 
Lf (pS yh NO d 
eo-a) (=) poe 08) 
and 
Š 1 fo fp sty d 
ENO- e 5 ) Ta (19) 
respectively. 


The left and right generalized fractional derivatives of order a > 0 are defined by [15] 


al, _ 4 n n-, y” f tP — y’ ae dy 
C = "(al “AO = Tay Í ( ; ) fO Ts (20) 
and 
0, _ n( yn-a, (eye 2 y? ate are dy 
(D; Pf) (t) =(-y) (al PFY(t) = T(n—a) f ( 7 ) JOT (21) 


respectively, where p > 0 and where y = tt? 2, 
Depending on [15], the authors in [22] presented the Caputo modification of the left and 


right generalized fractional derivatives, respectively, by 


Cpg, 2 n-&,p,,n 1 : t? —u? ae, n dy 
epore- (=) vr (22) 


and 


E 1 b (yp — pp = dy 
Cmo _ n-A, P_n = n 
No-No EE mo 0s) 


This article is organized as follows. In Section 2, we define the left- and right-fractional 
conformable integrals and derivatives. In Section 3, we define the fractional conformable 
derivatives of functions belonging to certain spaces and state their properties. In Section 4 
we present the fractional conformable derivatives in the Caputo setting and state their 


properties. Finally, the last section is devoted to our conclusion. 


2 The fractional conformable integrals and derivatives 

The left and right conformable integrals were defined in [16] as can be seen in (1) and (2). 
Moreover, left and right conformable integrals were extended to higher order in [16] so 
that for a = n + 1 we have (aI“f)(x) = (aI%f)(«) and (I f)(x) = Zf) œ). 
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Now, iterating the integral in (2) n times and by interchanging the order of integrals will 
result in the following: 


na x dt, A dtz ne fna S (tn) dtn 
al” Ste) -f TF (t> - a)! I (tn — a) 


1 e f(t dt (24) 


“TW J, a t-a 


Definition 2.1 Replacing the integer n by any number f € C, Re(£) > 0, we define the 
left-fractional conformable integral operator by 


P 1 f*((@-a)*-(t-a)* dt 
sopa f (EAE po (25) 


The fractional integral in (25) coincides with the Riemann-Liouville fractional integral 


(4) when a = 0 anda = 1. It also coincides with the Hadamard fractional integral (10) once 
a = 0 anda — 0 and with the generalized fractional integral (18) when a = 0. Similarly, 


we can state the following. 


Definition 2.2 The right-fractional conformable integral of order £ € C, Re(f) > 0 is de- 
fined by 


1 f° ((-x)*-(6-2)" a 
Bra f(y) — 
ISE) wel ( a i LOG ee) 


Notice that, if (Qf)(¢) = f(a + b — t), then we have (,3° Qf) (x) = QI) (x). Moreover, 
(26) coincides with the Riemann-Liouville fractional integral (5) when b = 0 anda =1. It 


also coincides with the Hadamard fractional integral (11) once b = 0 and œ —> 0 and with 
the generalized fractional integral (19) when b = 0. 
We now state the definition of fractional conformable derivatives. 


Definition 2.3 We define the left- and right-fractional conformable derivatives of order 
p €C, Re(f) > 0 in Riemann-Liouville setting, respectively, by 


POTS Tele Fe) 


_ T° — f*((%—a)* —(t-a)t\" F dt 
rena | (OS) goa re 
POT a=" TE aE) 
(-1) "T? f? /(b-x) - (6-H \" FO dt 
E ecar ee 
where 
=[Re(A)] +1, GT*=gT*aT*-aT’, "TH = THTG Ty, (29) 


and ,7T“ and T% are the left and right conformable differential operators presented in (1). 
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The fractional derivative in (27) coincides with the Riemann-Liouville fractional deriva- 
tive (6) when a = 0 and a = 1, the Hadamard fractional derivative (12) once a = 0 and 
a — 0 and with the generalized fractional integral (20) when a = 0. Whereas the fractional 
derivative in (28) coincides with the Riemann-Liouville fractional derivative (7) when b = 0 
and @ = 1, it coincides with the Hadamard fractional integral (13) once b = 0 anda > 0 
and with the generalized fractional integral (21) when b = 0. 

Now we consider some properties of the fractional conformable integrals and deriva- 


tives. 


Theorem 2.1 Let Re(f) > 0, Re(y) > 0. Then 
PES eee Ia). POS =P IS). (30) 
Proof 


pect A 1 x pt (x-a) — (t —a)* B-1 
aT GTM Tarot i ( a 


(t-a) -(u—a)*\""* du dt 
i ( ) IO a aa 


a 


1 x px ; on 
: carson | f (œ-a) - (t-a) Jf 1 


sea ua oaae _@ 


(t-a) (u - a) = 


_ 1 i a Bty-1 du 
cara | e a)" — (u - a)) {Wore 


1 
x f (1 — z)P4z¥-! dy 
0 


1 */ (x-a) —(u—a)\P*" 1 du 
i aera ( a ) Su uy 


= ÊY If (x). 


Here we have used the change of variable 


(t-a) — (u - a)“ 


= a)" —(u—a)* 


The second formula can be proved in a similar way or by using the action of the Q- 


operator. 


Lemma 2.2 For Re(v) > 0, we have 


~a av-a 1 T'(v) a(B+v— 
(E° (¢ - a)""*) (x) = ACES Laie aD (31) 
(Fae (b- t) (x) aby To) (b — x) P-D, (32) 


ab T(B +v) 
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Proof We have 


Brag, \v-l1 = 1 (ey av—a dt 
(25% (t-a) (x) aa | (t-a) 


Letting u = (£24)*, we obtain 


(x = a)? P +»-D 


T(B)ah 


r(v) 
afl (B +v) 


(x E aje P-D, 


1 
(EI t- a)’)(x) = f (1—u)P udu = 
0 


Equation (32) can be proved in a similar way or by using the action of the Q-operator. 


Lemma 2.3 For Re(n — a) > 0, we have 


a av—-a r( ) a(v-B- 

[Dt -a) Jo = oF pe -a) 0-2-0, (33) 
a av- r( ) alv-8- 

[Db -t) Je) = 0? r ti, (34) 


Proof The proof can be obtained by a straightforward calculation. 


Remark 2.1 It can be shown that 
PDS EIES POKER SS: (35) 


3 Fractional derivatives on the spaces Cy, and Cg, 
In this section, we consider the fractional conformable derivatives of functions belonging 
to spaces stated in the following definitions. 


Definition 3.1 For a € (0,1] and 7 =1,2,3,..., define 


C} (la, b]) = {fs [a,b] > R such that" "Tf € I,([a,b])}, (36) 


Cr (la, b]) = {fe [a,b] > R such that ""T#f €x I([a, b]) b (37) 
where I,,([a, b]) and «1 ([a, b]) are the spaces defined in Definition 3.1 in [16]. 


Lemma 3.1 Let a > 0. A function f € Cf ,([a, b]) ifand only iff is presented in the form 


1 [*(@-a*-t-a\"" ytt) E Tf (a) (x-a) 
f= | ( P ) (t-a) g? ki eo H8) 


where y(t) ="T°f(t). 


Proof Let f € C% a(la, b]). Then "1 TF € J,([a,b]) and thus 


n-l pa = id dt n-l pa 
DT= | yom Tro, (39) 
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where yf is a continuous function. Then 


-a EAT) j= [wo ae HT fa) (40) 
and 

d n—-2 ma = "Tf (a) 

ETF) af v(t) — ae te (41) 
Integrating we get 

niama * (x-a) - (t-a) dt 

prre - vO 

+rep) ET Ji +2 T*f(a). (42) 


Dividing by (x — a)!” and integrating once more we get 


T (=e) WOE re — $277" f(a) e- a 


Q 


(x — a)” 
a 


+"? T° (a) +" 3Tf (a). (43) 


Repeating the same procedure  — 3 times, we get 


1 *(@-a)*-(t-a)*\" dt 
soz a F vO ae 


n-1 kre 
+) fo (x-a)™. (44) 
k=0 


It is clear from (39) that Y (t) =7T%f(t). 
Sufficiency is proved by applying the operator "T° to both sides of (38). 


For the right-fractional conformable derivatives, we can state a similar lemma. 


Lemma 3.2 f € C{,([a,5]) ifand only iff is presented in the form 


1 b /(b- x)! -(b- 12 \"" ("TZFY(E) 
ies (n—1)! i ( a ) (b-t) i 


nl (_q)k kero 
; (-1) ee (b AL (45) 
k=0 


Proof The proof is similar to the proof of Lemma 3.1. 
In the following theorem we state the fractional derivatives of functions in C7, and Cf, 


Theorem 3.3 Let p €C, Re(B) > 0, n= [8] +1. Then 
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(1) iff € Ci (Ia, b]), the left-fractional derivative of f of order B exists everywhere and 


can be represented in the form 
EDS = A | S> TIO « 
ee Ta-AJ a t-a) 


n-1 
GTF (a))(x - ay) 
2 ak-PT(k- B +1) 


, (46) 
k=0 


2) iff € CY, (a, b]), the right-fractional derivative off of order B exists everywhere and 


(b-x) — (b-t) m "THO y 


1 b 
Baye OF NE 
Difls) = rap | ( 7 b-5r 


S (EETAS (b))(b - xX) 
z a Prk- 6+1) 


(47) 
k=0 


Proof We prove (46). The proof of (47) can be done analogously. 
Since f € Cf „la, b], from Lemma 3.1, f should be written as 


1 * (x-a) — (t - a) \ T ETPA) E ITF (a) (x — a) 
foy= a ( ) a? . (48) 


a (t-a) k! ak 


Therefore we have 


toe “Te ae a) aa ary" "(See 
aD' ft) ~ (n—-1)I(n—B) DT (n -— ah, a 


x GTS) 


a (t = E 


SA Tefa) a T(k+1) 
DD Tr Tk+1-8) 


(x-a) P), (49) 


Ho -(u-a)* 
—a)” 


—(u-a)“ 


Using Lemma 2.3, changing the order of integration, letting y = and using the 


properties of the gamma and beta functions, we get 


One P(n- p)P(n)nT* ee 
ed (Gare arena | a u- a) 
= AC) a(k-B) 
tO aaraa aj iP, (50) 


The result is then obtained if the operator “T% is applied to the integral in equation (50). 


Theorem 3.4 Let Re(f) > m > 0, where m € N. Then 


MT ES Oat aa, TENG KG) =” Rf). (51) 
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Proof We have 
1 f*(@-a*-(¢-a*\F" dt 
rene |g f(A) somos 
eee “(x-a - (t-a) dt 
Flea a ie SOG 


~ pT 1 * ( (x-a) — (t- a)” dt 
“4 Pleat | x t PO a =] 


1 */ (x-a) - (t-a) \ P dt 
-gwm f ( a ) MOG pr 


= EI f(x). 


The second assertion in (51) can be proved similarly. 


Corollary 3.5 If Re(y) < Re(£), then 
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YDA (EIFE) =E IFE) YDER) =" RfE). (52) 


Proof The proof is done by using Theorem 2.1 and Theorem 3.4. 


D (EIF) =a T” (YI (ICS (x))) 
= 7 T” (EY FF) 


SYS" EG): (53) 


This proves the first claim in (53). The second claim can be proved analogously. 
Below we state the inverse properties. 


Theorem 3.6 Let 6 >0 and f € Ci „la, b] (f € C pla b]). Then 


ED (ESFE) =f) PDI PISE) =f). (54) 
Proof 
EDA (ESF Go) 
o ss * ft (x-a - (t-a) to 
: a arm f ( a ) a 1% 
du dt 


rs (u es, a) (t = a) 


yoa” JTT (x-a) - (t-a)*)" P(t-a)*-(u-a)*)P* dt 
~ P(n- B)P(B) a” (t-a) 


du 


(u — a) 


x f (u) ———— 
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nye x o g\n-l 
a Í («= a)" = (4 a)")" "f) — 


1 
x f (a-z) P-1zf- dz 
0 


nT% Pe De aay N" du 
saa a ) SO gae 


= aT” (Lf). 


Here we have used the change of variable z defined in the proof of Theorem 2.1 and uti- 
lized the properties of the gamma and beta functions. The last step in the proof is to use 


Lemma 2.1 in [16]. The second formula in (54) can be proved in a similar manner. 


Theorem 3.7 Let Re(8) > 0, n = -[-Re(£)], f € L(a, b) and Egaf € Cala, b] (PIF E€ 
C} pla, b]). Then 


n PID“f(a) 
B52 (BH*F(x)) = : 
EI (EDIF (x)) =f (x) PTE- 


(x-a) f (55) 


and 


aes n DTPD) 
RESO =f) - ee 


jal 


(b= xP, (56) 


Proof 


~A a 1 if ( = 2- (t- J Rn a (n-p ~a dt 
ireo) = oe | (EEN erer 


S a * ( (x — a)% - (t-a) an aan dt 
K r( +1) p (ca) (iT (z Oel 


Using the integration by parts formula in Theorem 3.3 in [16] times, we get 


Boa (Baye 1a 1 *((«- a)" - (t-a) a n-p ya dt 
PARS ran | (= C ISO) g ay 


n (-j ma (N-Bra 
So TPIS), arte 


A T(B +2 jab 


n -jra (n-ÊP ~a 
= Lye eae (PIF) y (a T (a J 'f(a))) (x oye 


“+ T(B+2- jab 


Now by using Theorem 2.1, we get 


n (Pj ma(t-Bro 
Bae (2D°F (x) = iliyo (a T%(a IF (a))) be oye 
J 


~ T(B +2- jja 


n PID“ F(a) ane 
=f(x)- yo ESS (x-a) P, 


j=l 


Assertion (56) can be proved likewise. 
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4 Fractional conformable derivatives in the Caputo setting 
In this section we define the left- and right-fractional conformable derivatives in the sense 
of Caputo and present their properties. 


Definition 4.1 Let, œ > 0, Re(B) > 0 and n = [Re(B)] +1. Iff € CZ, (f € Cap) we define 
the left and right Caputo fractional conformable derivatives of f of order $, respectively, 


as 


n-1 kT“F(q) 


klak 
k=0 


a Df (x) = 2D" i (t) - (t - oy (x) (57) 


and 


C (-1)F Tef (b) 
klak 


PDGF (a) = PDF Ls (t) (b a| (x). (58) 


k=0 


Theorem 4.1 Let Re(£) > 0, n = [Re(B)] +1, f € Ch (la, b]) (f € C} (la, b])). Then the 
left- and right-fractional conformable derivatives in the Caputo settings can be written, 


respectively, as 


x aA (+t 7\e\ "B-l npa 
sont piy f(E E a 


a (t — a)! 
= 1J Gal lat 5) (59) 
and 
Gy fP ((b-x) - CEA rr "TEF (E) 
Choa b 
Palio ee ( a ) pge” 
= "PIX ("Tf (x). (60) 


Proof Using (57), Lemma 2.3 and Theorem 3.3, we have 


E KTef(a) T(k+1) 
CBee -boe 4 
Df (x) = EDF (x) 2 akk! T(k—B +1) 


(x ajepe 


n-1 


a “Taf (a) a-pa 
“OTO 2 Te pa are 


1 */ (x-a) — (aa) NP "TOFA 
= a d 
ran | ( p ) taje 


TTO 


The identity (60) is proved by using (58), Lemma 2.3 and Theorem 3.3 as well. 


The fractional derivative in (59) coincides with the Caputo derivative (8) when a = 0 
and « = 1, the Caputo Hadamard fractional derivative (15) if a = 0 and œ —> 0 and with 
the generalized fractional integral (22) when a = 0. Meanwhile the fractional derivative 
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in (60) coincides with the Caputo derivative (9) when b = 0 and a = 1, it coincides with 
the Hadamard fractional integral (17) once b = 0 and a — 0 and with the generalized 
fractional integral (23) when b = 0. 

Before we state the inverse properties and the composition of two Caputo fractional 
conformable derivatives, we shall consider the following lemmas. 


Lemma 4.2 Let Re() > 0, = [Re(B)] + 1, Re(B) € N and f € Cla, b]. Then PINa =0 
and P-kJaf (b) = 0 fork =0,1,...,n-1. 


Proof It can be easily obtained that 


Ilic (æ — a) ROH 


B-k~xa 
k ISOS TERRE) ae 


The result is obtained by replacing x by a. The second identity in can be proved similarly. 


Lemma 4.3 Let R(B) > 0, n = [Re(£)] + 1 and "'T% €e Cla,b] ("Ty € C[a,b]). Then 
Sf Df (a) = 0 and P DEF (b) = 0. 


Proof The identities in hold since 


at “f llc Gagner 


CB aa 
m DSO = A-R aR 


and 


CB a I" TPF llc (b — x) #-Re(B)) 
|" DgF(x)| < eae EER ee 


Theorem 4.4 Let Re(f) > 0, n = [Re(6)] + Lf € C[a, b]. 
(1) [fRe(8) £N or BEN, then 


SED (EPF) =f) “PDE PI) =f). (61) 
(2) IfRe(B) 40 and Re(a) € N, then 


Barrer (a) 


a GTI) =S- arg py (62) 
Brl-nga b 
Rpa (EIZ) =f (x) a A (b x), (63) 


Proof From the definition (57) we have 


ET oe S TEIS (a))(x — a) 
PDIF) = EDE) -Y ne ae 
k=0 


Using Theorem 3.4 and Theorem 3.6, we get 


ree we 3 (a) — a) 8 
PEIS) =f) ~ gp 
=0 
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If Re(8) € N, by Lemma 4.2, we have Bk ya #(g) = 0. Thus the first identity in (61) is 
proved. The second identity can be proved by using the same arguments. 

The case £ € N is trivial. Now if Re(8) € N, it can be proved that Akafa) =0fork= 
0,1,...,n — 2 using the steps used in proving Lemma 4.2. Thus (62) is proved. Equation 


(63) can be proved similarly. 


Theorem 4.5 Letf € Cy ala b] (f € Ch pla, b]), B € C. Then 


n-1 KT" f(a)(x—- aye 


EF DSO) =f) - aa (64) 
k=0 : 
n-1 —1 kky% b\(b— ak 

aro) =f) - Oe (65) 


k=0 


Proof 


aI (G DS) =I (CP I (GTF) 


S(O Fe) 


E n "I D*f (a) TEN 
fon ena 


j=1 
n-1 yma 

=f) - oO e-a. 
k=0 ` 


This proves (64) and (65) can be proved by a similar way. 


Theorem 4.6 Letf € Cz" la, b] (f € CZy la, b]), Re(B) = 0, Re(y) = 0, n -1< Re(B) <n 
and m —1 < Re(y) < m. Then 


CEDA (VDF) = SIDS) PDL (IDIF) =C DF). (66) 


Proof The proof can be done by using Theorem 2.1, Theorem 3.6, Theorem 4.1 and 


Lemma 4.3. 


5 Conclusion 

This paper was devoted to an investigation of the fractional derivatives and integrals ob- 
tained by iterating conformable integrals. We obtained left- and right-fractional con- 
formable integrals. With a standard fractional procedure we found left- and right- 
fractional conformable derivatives in the sense of Riemann-Liouville and Caputo. We 
proved that these fractional integrals and derivatives have properties similar to the stan- 
dard fractional integrals and derivatives. We also define the fractional derivatives of func- 
tions belonging to specific spaces in order to find the relation between these new fractional 
differential operators. The presented left- and right-fractional integrals are different from 
those defined by Katugampola since their kernels depend on the end points a and b and 
hence need a different convolution theory when the conformable Laplace is applied. 


Page 14 of 16 


Jarad et al. Advances in Difference Equations (2017) 2017:247 Page 15 of 16 


The classical fractional calculus was applied successfully to extract the hidden infor- 
mation from the dynamics of complex systems. However, each nonlocal system has its 
own behavior which may not be described properly by the existing fractional integrals 
and derivatives. This gives rise to the need of new fractional operators that may better de- 
scribe such a system. Our proposed fractional operators are reduced to well-established 
fractional operators (Riemann-Liouville, Caputo, Hadamard) and the newly introduced 
generalized fractional operators under some conditions but they are different and outside 
of these operators. Therefore, suppose that these newly suggested operators may provide 
new insights for fractional variational problems, optimal control problems and modeling 
of complex systems. Another advantage of these operators is that they depend on two 
parameters naturally. The one which comes from the conformable operator will play an 


important role in better detection of the memory. 
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